On regular closed curves in the plane by Hassler Whitney Cambridge, Mass. We consider in this note closed curves with continuously turning tangent, with any singularities. To each such curve may be assigned a "rotation number" y, the total angle through which the tangent turns while traversing the curve. (For a simple closed curve, -y = ± 2n.) Our object is two-fold; to show that two curves with the same rotation number may be deformed into each other,4) and to give a method of determining the rotation number by counting the algebraic number of times that the curve cuts itself (if the curve has only simple singularities, -see Lemma 2). This paper may be considered as a continuation of a paper of H. Hopf 2); we assume a knowledge of the first part of his paper.
Regular closed curves.
Ordinarily, a curve in the plane is defined as a point set with certain properties; but when we allow singularities, this mode of definition cannot be used. (See footnote 3).) Our first purpose is therefore to define a regular closed curve.
Let E be the Euclidean plane. Let E' be the vector plane (which we might let coincide with E), with origin 0. Let I be the closed interval (0, 1 Obviously f -f, 1 rooJ g implies g -f, and f -g and g -h imply f -h. Hence the parametrized curves fall into classes; we call each of these a regular closed curve, or curve for short.
With any curve C is associates many (equivalent) parametrizations f. Let C be the corresponding set of points in the plane E (all points f (t)) . C is by no means determined by C 3). If fo and f1 are parametrizations of C, then one may be deformed into the other within C, that is, we can make each lu a parametrization of C.
To prove this, say fl(t) ==fo(,q(t». Set for 0 u 1. Then rJo(t) = t, rJ1(t) = q(t ), so that 10 and fi bear the proper relation to fo and fI. As each f u is a parametrized curve equivalent to fo.
We say C may be deformed into C' if some parametrization of C may be deformed into one of C'. By the above statement, this is independent of the parametrizations chosen. Take any crossing point p = f(SI) = f(s,); suppose it is positive.
As 81 82' P = (si, 82) is not on the hypothenuse of T. As f(o) is an outside point, it is obviously not a crossing point; hence j(O) *'I(t) for 0 t 1, and P is on neither side of T. As P -# (0,1), it follows that P is interior to T. 99(oci) , the angle through which y turns when oci is traversed in the positive direction. Let qq(Qi) be the angle through which turns when the boundary of Qi is traversed in the positive direction; similarly for qJ(T). Now For each lp(Qi) may be expressed as a sum (i) :!: q;{(Xj), summing over the boundary lines of Qi ; when these sums are added, the two terms corresponding to each aj interior to T cancel, and we are left with the sum over the oej on the boundary of T.
1) By choosing the proper degree of approximation, it is easy to make this reasoning rigorous.
10) Hence, in all cases, cp( Qi) (see below) is the algebraic number of times that the map y of Qj covers 0.
